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Very recent CMB data of WMAP offers an opportunity to test inflation models, in 
particular, the running of spectral index is quite new and can be used to rule out some 
models. We show that an noncommutative spacetime inflation model gives a good expla- 
nation of these new results. In fltting the data, we also obtain a relationship between the 
noncommutative parameter (string scale) and the ending time of inflation. 
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Recent results from the Wilkinson Microwave Anisotropy Probe [^-|^ give further 
determination of cosmological parameters and constrain properties of inflationary models 
tightly. Some analysis was done in [Q, and in particular, the new data on the running of 
the spectral index of the power spectrum of CMB provide good constraints on inflationary 
models, and some models were analyzed in In general, models satisfying the slow 
roll conditions naturally predict too small running of the spectral index. In this note 
we analyze the model of in which spacetime noncommutativity is taken into account, 
and flnd that it is rather easy to accommodate WMAP data in this model. It is quite 
remarkable that the two parameters in this model can be used to flt four data of the spectral 
index. We determine these two parameters, and the string scale is in turn determined once 
the termination time of inflation is known. For a typical termination time of inflation 
= 10-32g ti^g goring scale is h = IQ-^^cm, or Ms = 10^^ Gev. 

Spacetime in general is noncommutative in string theory, this manifests in a general 
relation AX AT > [§]. However it is hard to formulate string theory in a fashion to 
incorporate this relation directly. On a general ground, if inflation reflects physics at a 
scale close to string scale or a related scale, one expects that spacetime uncertainty must 
have effects in the CMB power spectrum, observable or to be observable (implications of 
space-space noncommutativity for inflation were considered in 0). Lacking a manifest 
formulation of noncommutativity, we shall be content with a scheme proposed in [H, in 
which spacetime noncommutativity is put in by hand for a scalar fleld (inflaton). Skipping 
the detailed discussions leading to their action, we copy the free scalar action here 

S = V j d7^d^kzlirj){cP',(P'_, - k^(Pk<P-k). (1) 

where 

where Ig is the string length scale, a(r) is the scale factor in the metric, and time r is 
deflned such that 

ds'' = -a-\r)dT^ + a\r)dx^. (3) 

Unlike in the commuting spacetime, the all important scale factor Zk in our case depends 
on the comoving wave number k. 
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We shall consider the power-law inflation, and this can be generated by a scalar 
potential assuming an exponential form. Let t be the cosmological time, so a{t) = aot"', 
n > 1. In terms of r = ^^pj-t""*"^, a = UqT^^ with 
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ao = ao"+'(n + l)^. (4) 

To simplify relations that will follow, we define a scale I so that a(r) = (r//)"TT and 
a{t) = ( We shall estimate the relationship between the scale / and the termination 
time later. 

The scalar power spectrum can be computed in the usual way, and is given by 

P{k) = ^ , 2^ (5) 
and r]k is determined by the condition 

e = ^. (6) 

Two extremal limits were considered in 0, namely the UV limit and the IR limit. However, 
the observed results must lie in between, so we need to calculate the power spectrum again. 
The interested region is actually UV in terms of the time when the perturbation is created, 
but this was not discussed in [§. What we need to compute is 

^ ^ dhiP{k) dus 
dink ' dink 

Define 

_ n + l 



Naively, kc is determined by two microscopic scales I and Is, one would expect that kc 
is also at the microscopic scale. This is wrong, due to the large exponent n. To achieve 
sufficient number of e-folds, n ought to be large enough, and indeed we will determine it be 
around 13. Thus, if Ig is smaller than I by a few order, the characteristic wave length 1/kc 
is macroscopic. The interesting range of k is between (0.002, 0.05)Mpc"\ and we assume 
these length scales be smaller than 1/kc, so kc/k <C 1. In solving the crossing horizon 
condition (P), we will expand everything in kc/k. 

Without the string spacetime uncertainty, or let Ig = 0, the crossing horizon time is 

2 

"° = ^"k (^) , (9) 



the dependence on Ig is fictitious, since a factor in kc cancels Since string uncertainty 
introduces a uncertainty in time a = ilk, tliis ougfit to be smaller than the time when the 
perturbation is created, namely, cr/r^ must be small. This ratio is nothing but 
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For a large enough ti, kc is small enough so that the above assumption will be valid. 

In solving (^), not only we need to modify Zk according to (^), but also we need to 
modify the definition of the conformal time according to (^. For instance 

= alT-+^{l- —— — ) — , 11 
dry n + 1 dr 

where we have truncated to the first nontrivial order in a/r. After a lengthy but straight- 
forward calculation, we find 

4 n(2n - 1) 4 Hiz^ / 2n(n + l)(2n-5) a2\ 

Zk (n + l)2"°^ V (2n-l)(n + l)2 r2y' ■ ^ ' 

Solving (H) using (jl^), we obtain 

,9, , /c , 2 / n{2n — h) ,kc. * \ , . 

r,=im-)^. 0+ („-i)(2n:i) 'f)^J' (13) 

The power spectrum is readily calculated to be 

, 2 / 4n2(n-2)(2n + l) ./c^, 4 \ 

V (n + l)2(n-l)(2?i-l)^ A; ^ ) ^ ' 
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Denote the coefficient in the front of {kc/k)"-^ in the above formula by x (the positive 
one), we compute the spectral index and the running of the index 

2 4x ,kcs _j_ 

n — 1 n — 1 k , s 

dug 16x , kc , 4 

dink (n-l)2^A;^ 

Since x is positive, Us is larger for smaller k, the expected behavior. Now, use the WMAP 
data 

Us = 0.93 ± 0.03, = -0.03ll[j |ji^ at k = 0.05Mpc"\ 

dink (^g) 



dn 



n 



s 



1-lOto.oL Tr^ = -0-042lS at = 0.002Mpc-^ 



dink 
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to see whether the main formulas in (jT^) can fit these. There are only two parameters in 
(|T5|), namely n and kc, but there are four independent results from the WMAP. We will 
adopt the following strategy: we first use the two results at k = 0.05Mpc~^ to determine 
the two parameters, and make a prediction about Ug and its running at k = 0.002Mpc~^. 
Later, we use the results about Ug at two different scales to make a prediction about the 
running of ris at the two scales. 

Using the results at k = 0.05Mpc~^, we find 



n 



IS.nitlfrl kc = l.65ttlt X 10"^Mpc"^ (17) 
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Indeed, kc/k is a small number, and (kc/k) "-i is also small enough so the approximation 
used in deriving (|T^) is valid. These parameters together with (|T3p predict 

= 1.111°;}^ ^ = _0.089inoo at A; = 0.002Mpc-^ (18) 
cL In K 

The central value of the predicted Ug is quite good compared to that in (|T^), the central 
value of the predicted running is larger than that in (jl^), but within the error bar, we 
notice that the tendency of the predicted running is good, it is larger at a larger scale. 
For k = 0.002Mpc~^, it is possible that higher orders in kc/k are not negligible, and may 
improve our result. We also notice that in the central value of the running is estimated 
to be —0.077, much closer to our prediction. 

Next, using the values of Ug at two different scales in (|1^), we determine 



n 



13.3361^:^°^, = l-43t^-j2 X 10"^Mpc-\ (19) 



and the running of the spectral index 

"^""■^ .(k = 0.05Mpc-i) = 0.0301^}?, -^{k = 0.002Mpc-i) = -0.0851°;°^°. (20) 



dink' " ' dink 

We show the spectral index and the running as functions of In A; in fig.l and fig. 2. 

We have used the WMAP data to determine two parameters n and kc in the non- 
commutative inflation model. Next, we want to determine the relation between the ending 
time of inflation and the string scale. To do so, note that the comoving wave numbers are 
measured at the present time, so the normalization of the scale factor a{t) at the present 
to is 1. Since the termination of inflation, our universe underwent a radiation dominated 
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epoch and matter dominated epoch (for simphcity we ignore the observed dark energy), 
so the scale factor was enhanced twice: 



, , 10^ X 365 X 24 X 602i ,13.7 X 10^2 

: )^( r-. )3 = 1, 
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(21) 



where is the termination time of inflation and its unit is second. Using a(t*) = aot", we 
find the parameter / 

n+V U ^ ^ ^ 

I is larger than t*. Next, using the definition of kc in (R), we get 



(n + 1)^ 
n(2n - 1) 



Tl + l 
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1 

n-1 



(23) 



In the end, I and Is are expressed in terms of 



(24) 



where in defining d and c, we have turned / and Ig in the unit cm. 
For parameters in (P^Tf), we have 



(25) 



Thus for = 10~^^s, / ~ 10~'^^cm, Ig ~ 10~^^cm. Ig is larger than the Planck scale by 8 
orders. For t^, = 10~'^^s, the earliest possibility 0, ~ 10~"^^cm, larger than the Planck 
scale only by two orders. For parameters in (|T9|), 



d = 1.14i°j^xloio, c = 2.70tO;2} X 10^ 



(26) 



not much different from those in (p5|). 
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Figure 1. ti^ as a function of Ink. Parameters are determined using data at k = 
0.05Mpc~\ 




Figure 2. as a function of Ink. Parameters are determined using data at k = 

0.05Mpc~\ 

To summarize, we have found that the noncommutative inflation model accommo- 
dates the recent WMAP data nicely, and if this model possesses any truth about string 
theory, string theory can already be tested in the observational cosmology, this is very 
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exciting. Although the WMAP results on the spectral index and its running are obtained 
by combining other experiments and are not yet very conclusive, we believe that future 
refined results will offer better opportunity for testing whether spacetime uncertainty is a 
viable physical model for inflation. 
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